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We have studied the Zitterbewegung effect on an infinite two dimensional sheet with honeycomb
lattice. By tuning the perpendicular electric field and the magnetization of the sheet, it can enter
different topological phases. We have shown that the phase and magnitude of Zitterbewegung
effect, i.e. the jittering motion of relativistic particles, correlates with the various topological
phases. The topological phase diagram can be reconstructed by analyzing these features. Our
findings are applicable to materials like silicene, germanene, stanene etc.
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1. Introduction
The rise of graphene and its two dimensional sib-
lings (silicene, germanene, stanene etc.) has sig-
nificantly lowered the barrier between high and
low energy physics. The Dirac fermion-like behav-
ior of low energy electrons in these materials of-
fers an appealing platform to investigate the predic-
tions from high-energy physics in condensed mat-
ter.1,2, 3, 4 A remarkable aspect of two-dimensional
hexagonal lattices is that they exhibit topological
phase transitions. By tuning the material’s param-
eters, transitions from trivial (metallic or insulat-
ing) phase to quantum spin/anomalous/valley Hall
phases can be achieved.5,6 These non-trivial topo-
logical phases are usually determined either by cal-
culating the Berry phase or Chen number of the
bulk material or by probing the existence of quan-
tized edge states. The reason why two-dimensional
hexagonal lattices display such a variety of phases is
the presence of Dirac kinetic term that couples the
carrier momentum with its (pseudo)spin degree of
freedom, together with the emergence of an orbital
gap.7,6 One of the outcomes of this (pseudo)spin-
momentum locking is the Zitterbewegung effect,8
which arises from the interference between positive
and negative energy states and causes an oscillatory
motion for relativistic free particle. The effect, orig-
inally proposed in the context of relativistic parti-
cles, has also been predicted to occur in condensed
matter9,10,11,12 and verified in several experiments
with photonic crystal, cold atoms, trapped ions,
Bose-Einstein condensate as well.13,14,15,16,17
Although this effect has been extensively stud-
ied in two-dimensional materials,18 previous inves-
tigations mainly focused on the occurrence of Zit-
terbewegung and its behavior under a magnetic
field.19,20,21 In practice Zitterbewegung is a very
rich phenomena that provides a lot of information
about the system. For example, it is associated with
the origin of spin in a relativistic system22 and can
be exploited to control the spin polarized orbital
motion of electrons.23 Furthermore, while previous
studies have all focused on the transverse Zitterbe-
wegung, a lot of interesting features are hidden in
the longitudinal Zitterbewegung as well. Recently
it has been shown that Zitterbewegung can mani-
fest the presence of an edge state in zigzag graphene
nanoribbon by the emergence of a resonance.24 This
brings us to an obvious question: does Zitterbewe-
gung also carry information about the topological
phases of the system? It has been shown that the
Zitterbewegung amplitude shares a close connection
with Berry curvature and Chern number in a multi-
band system.25,26 However it is not clear how the
oscillations behave in different topological phases.
In this paper we demonstrate that Zitterbewe-
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gung can be used to probe the different topolog-
ical phases of two-dimensional hexagonal lattices.
For our study we choose silicene, a two dimensional
buckled honeycomb lattice with strong spin-orbit
coupling, where one can tune the topological phases
with an external electric field and onsite magnetiza-
tion.5 We present a systematic analysis of Zitterbe-
wegung in different topological phases that enable
us to recover the topological phase diagram of the
material. The formalism we adopted here is quite
generic and hence applicable to any Dirac material.
2. Wavepacket Evolution
The Hamiltonian for silicene (germanene or
stanene) near K and K ′ points is given by5
Hˆη = ~vF (ηkxτˆx + ky τˆy) + ητˆzhˆ11 − `EZ τˆz +Mσˆz
+λR1(ητˆxσˆy − τˆyσˆx)/2,
hˆ11 = λSOσˆz + aλR2(kyσˆx − kxσˆy), (1)
where η = ±1 correspondsK andK ′ valley, σˆ and τˆ
are Pauli matrices for spin and valley, a is the inter-
atomic distance and ` is the buckling height. EZ is
an external field applied perpendicular to the plane
and M is the onsite magnetization. λSO is the spin-
orbit coupling, λR is the second nearest Rashba pa-
rameter. The system undergoes a topological phase
transition at a critical electric field EC = λSO/` for
M = 0. The values of the parameters for different
materials are given in Table 2.
Table 1. Different parameter values for graphene (Gr),
silicene (Si), germanene (Ge) and stanene (Sn).27,28
Atom a ` λSO λR vF EC
(A˚) (A˚) (meV) (meV) 105m/s (meV/A˚)
Gr 2.46 0.00 10−3 0.0 9.8 ∞
Si 3.86 0.23 3.9 0.7 5.5 17
Ge 4.02 0.33 43.0 10.7 4.6 130.3
Sn 4.70 0.40 100 9.5 4.9 250
In practice λR  λSO and we can drop this
term. In that case the spin up and down Hamil-
tonians decouple and we can write them as 2 × 2
matrices,
Hη,s =
(−`EZ + s(M + ηλSO) vF (−iky + ηkx)
vF (iky + ηkx) `EZ + s(M − ηλSO)
)
.
(2)
This Hamiltonian is analytically solvable, and
the eigenvalues and eigenfunctions read
E±η,s =
1
2
(mAη,s +m
B
η,s)
±1
2
√
(mAη,s −mBη,s)2 + 4vF (k2x + k2y),(3)
ψ±η,s(~k) =
(
cos(Θ±η,s)
sin(Θ±η,s)
)
, (4)
where, m
A/B
η,s = ∓`Ez + s(M + ηλSO), Θ±η,s =
tan−1 vF (iky+ηkx)
E±η,s−mBη,s
. Due to the valley dependence of
spin-orbit coupling, for EZ = ±EC carriers with
opposite spin projection form Dirac cones at op-
posite valleys (Fig. 1). Consequently, at a particu-
lar valley carriers with opposite spin projection un-
dergo topological transition at a different critical
electric field. In other words, as illustrated in Fig.
1, at K (K’) point, spin up (down) band exhibits a
Dirac cone at EZ = EC , while spin down (up) band
presents an orbital gap. The situation is reversed
for EZ = −EC .
EZ = EC
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Fig. 1. Top: Dirac cone for EZ = ±EC at K and K′ valley.
Bottom: Variation of band gap for spin up and down at K
valley for M = 0. The green and orange regions correspond to
quantum spin hall phase (Cs = 1) and bulk insulator (Cs = 0)
phase where Cs = (C↑ − C↓)/2 is the spin Chern number.
Since there is no position dependent term in
the Hamiltonian, momentum is a conserved quan-
tity and we can use the momentum eigenstates to
create a wave packet. To do so, we use a Gaussian
envelop for the momentum distribution so that the
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wavepacket in the real space is also Gaussian. By
choosing a narrow width of the momentum distri-
bution, we can avoid valley mixing. From now on
we will focus on K (η = 1) valley only and drop the
valley index. The wavepacket can be expressed as19
Ψs(~r, t) =
1
N
∫
g(~k, ~k0)
1√
2
[ψ+s (
~k)e−iE
+
s t
+ψ−s (~k)e
−iE−s t]ei~k.~rd~k, (5)
g(~k, ~k0) =
d√
pi
e−1/2(~k− ~k0)
2d2 , (6)
where d is the width of momentum distribution and
N is the normalization factor. Eq. 6 applies to a
two band system, but can be generalized to multi-
band system by adding up all contributing states.
Due to the Gaussian envelop, only a selected por-
tion of the bands contributes to the wavepacket as
shown in Fig. 2. If the Fermi level lies in the mid-
dle of two bands, then both bands contribute to
the wavepacket (Fig. 2a). On the other hand if the
Fermi level cuts one of the bands, only finite re-
gion of the selected portion can make a contribution
(Fig. 2b).
HaL HbL
Fig. 2. Formation of Gaussian wavepacket. The blue and red
lines corresponds up and down spin bands and the green line
shows the Gaussian distribution. The shaded region shows
the portion of bands that contributes to the wavepacket.
Once we construct the wavepacket, we can eas-
ily calculate the Zitterbewegung component of the
position as described in Ref..24 Let Ψ+s (~r, t) and
Ψ−s (~r, t) be two wavepackets with the same momen-
tum distribution and made of only positive and neg-
ative energy states. The Zitterbewegung component
of an operator Oˆ is given by
OZB(s, t) = 〈Ψs|Oˆ|Ψs〉
−1
2
(〈Ψ+s |Oˆ|Ψ+s 〉+ 〈Ψ−s |Oˆ|Ψ−s 〉), (7)
where the subscript ZB denotes the Zitterbewegung
component. Note that our definition is same as?
where they define Zitterbewegung component as the
sum over expectation values due to overlap integral
between different states.
As mentioned above, depending on the values
of M and EZ silicene exhibits different topologi-
cal phases, which have been described, for instance,
in Ref..5 The topological phase diagram of silicene
when varying EZ and M is reported in Fig. 6 by
the dashed lines. In the following, we explore the
nature of Zitterbewegung throughout the phase di-
agram and establish a correlation between the dif-
ferent topological phases and Zitterbewegung fea-
tures. To do so, we construct wavepackets in each
of the regions of the topological phase diagram of
silicene, and calculate the Zitterbewegung compo-
nent of the coordinates. We choose the central mo-
mentum of the wavepacket to be ~k0 = 0.00025/axˆ
and the width of the Gaussian distribution to be
d = 5000a.
First let us focus on two points on the M = 0
axis, say EZ = 1.5EC and EZ = 0.5EC . The first
case corresponds to a topologically trivial phase for
both spin up and spin down bands. In the second
case, spin up is in topologically nontrivial phase
while spin down is in topologically trivial phase.
The band structures for these two cases are reported
on the top and bottom left panels of Fig. 3, respec-
tively. We also compute the Zitterbewegung con-
tributions to the position of the wavepacket (xZB,
yZB) as a function of time. These results are re-
ported on the top and bottom right panels of Fig. 3
for the EZ = 0.5EC and EZ = 1.5EC , respectively.
EZ = 0.5 EC, M = 0 ΛSO
E
­
¯
0 2.5 5
-0.2
-0.1
0.0
0.1
0.2
t HpsL
x Z
B
HΜ
m
L
0 2.5 5
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
t HpsL
y Z
B
HΜ
m
L
EZ = 1.5 EC, M = 0 ΛSO
E
­
¯
0 2.5 5
-0.2
-0.1
0.0
0.1
0.2
t HpsL
x Z
B
HΜ
m
L
0 2.5 5
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
t HpsL
y Z
B
HΜ
m
L
Fig. 3. Zitterbewegung component of x and y coordinates
for different values of EZ and M . The left panels show the
corresponding band structure.
One can readily see that the qualitative nature
of the band structures is the same in both cases -
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up spin having a smaller gap and the down spin
having a larger gap. xZB however behaves com-
pletely differently in these two cases. We can see
that xZB for spin up states undergoes a pi phase
shift when moving from topologically nontrivial to
trivial phase while the phase for down spin remains
the same. yZ on the other hand does not show any
qualitative change.
Let us focus on xZB for a spin unpolarized
wavepacket. The change of phase in xZ oscil-
lation is simply related to the inversion of the
band gap through the topological transition. De-
pending on the values of EZB and M , differ-
ent spin components oscillate with different ampli-
tude and frequency resulting in beating in charge
and spin density waves, as illustrated on Fig. 4.
­ ¯ H­+¯L
­ ¯ H­-¯L
Fig. 4. Formation of beating in charge (top) and spin (bot-
tom) density waves.
Modeling the oscillations for individual spins as
damped sinusoids (Ae−Γt sin(ωt+δ0))24 we can eas-
ily evaluate the amplitude (A), damping factor (Γ),
frequency (ω) and epoch (δ0) from which we can
calculate the beating frequencies. When the ampli-
tudes of both oscillations are the same, the beating
frequency is simply the mean of two frequencies.
For different amplitudes, however, the beats would
not be exactly periodic and in that case we would
consider the average frequency. One can also detect
the topological states of either spins from the beat-
ing pattern (Fig. 5). If spin up and down belong
to opposite topological states, then the oscillations
are out of phase. Consequently the charge density
increases initially while the spin density decreases.
When the states are in the same topological phase,
we observe the reverse pattern. One should note
that the current is directly proportional to the time
derivative of the position, and hence one can see the
same oscillation in current as well.
Topologically
different
Topologically
same
­ ¯ H­+¯L
­ ¯ H­-¯L
Fig. 5. Nature of beating when spin up and down are in the
same and opposite topological phases.
Let us now look at the amplitude of the beat-
ing. From Fig. 5 one can see that (↑ − ↓) oscilla-
tion does not provide any new information com-
pared to (↑ + ↓) oscillations and hence we fo-
cus on (↑ + ↓) wavepacket only. We choose dif-
ferent EZ ,M combination and calculate the ampli-
tude frequency and initial phase of the resultant
beating. We define a relative phase factor Θ = ±1
which indicates whether the two spin projections
have the same (Θ = +1) or opposite (Θ = −1) ini-
tial phase, and plot the product of Θ and amplitude
of the beating over the whole EZ −M space. Fig.
6 displays the modulated amplitude of the longi-
tudinal Zitterbewegung, ΘxZB, when varying both
EZ and M for for (a) d=10000a, (b) d=5000a, and
(c) d=2000a. The corresponding topological phase
diagram calculated by Ezawa5 is indicated by the
dashed lines. We find a good match between our
analysis and the analytical phase diagram. Notice
though that since the Zitterbewegung effect involves
interference among states within a range of momen-
tum, the accuracy of the boundaries between differ-
ent regions of the phase diagram are sensitive to
the width of the wave packet. For a spatially wide
wave packet [d=10000a≈300-500nm, Fig. 6(a)], a
small number of states are involved and the bound-
aries are well defined. However, upon reducing the
wavepacket width, more states are involved in the
Zitterbewegung process and the boundaries deteri-
orate [d=2000a≈ 60-100nm, Fig. 6(a)]. Therefore, a
good definition of the boundaries of the topological
phase diagram requires the use of a spatially wide
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wavepacket.
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Fig. 6. Product of the beat (↑ + ↓) amplitude of longitu-
dinal Zitterbewegung (xAmpZB ) and relative phase factor (Θ)
over the EZ −M plane for different width of momentum dis-
tribution. The top (bottom) panel corresponds to a broad
(narrow) spatial distribution, i.e. a narrow (broad) momen-
tum distribution.
3. Conclusion
We have demonstrated that Zitterbewegung fea-
tures correlate with the various topological phases
of two-dimensional hexagonal lattices. By analyzing
the longitudinal jittering motion of the wavepacket,
we were able to reconstruct the phase diagram of
silicene up to a good accuracy, providing that the
wavepacket considered is spatially wide. An inter-
esting aspect of this analysis is that is provides ac-
cess to the bulk properties of the material directly
without the need for searching for quantized edge
states. The unpolarized wavepacket described in the
present work can be realized and detected using op-
tical techniques such as pump-probe method. Such
techniques have been recently exploited to investi-
gate the ultrafast dynamics of Dirac electrons in
graphene.29,30,31,32 In this context, the search for
the Zitterbwegung effect and potential signatures
of topological phase transition in hexagonal honey-
comb lattices constitute an appealing experimental
challenge.
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